We study a wide family of Lagrangian submanifolds in non flat complex space forms that we will call pseudoumbilical because of their geometric properties. They are determined by admitting a closed and conformal vector field X such that X is a principal direction of the shape operator A JX , being J the complex structure of the ambient manifold. We emphasize the case X = JH, where H is the mean curvature vector of the immersion, which are known as Lagrangian submanifolds with conformal Maslov form. In this family we offer different global characterizations of the Whitney spheres in the complex projective and hyperbolic spaces.
LetM
n be a Kaehler manifold of complex dimension n. The Kaehler two form Ω onM is given by Ω(v, w) = v, Jw , being , the metric and J the complex structure onM. An immersion φ : M −→M of an n-dimensional manifold M is called Lagrangian if φ
* Ω ≡ 0. This property involves only the symplectic structure ofM . In this family of Lagrangian submanifolds, one can study properties of the submanifold involving the Riemannian structure ofM . One must have into account the nice property of the second fundamental form σ of these submanifolds which says that the trilinear form σ(v, w), Jz is totally symmetric. Sometimes this property of the second fundamental form gives obstructions to the existence of examples satisfying classical Riemannian properties. So, if one consider like classical property the umbilicity, automatically our umbilical Lagrangian submanifold is totally geodesic and only appear trivial examples. Then two natural questions arise: What is the Lagrangian version of umbilicity? Which are the corresponding examples?.
In [RU] was proposed that the Lagrangian version of umbilicity was that the second fundamental form satisfies σ(v, w), Jz = n n + 2 ∂ v,w,z v, w H, Jz , (0.1) where the symbol ∂ v,w,z means cyclic sum over v, w, z and H is the mean curvature vector of the submanifold. The corresponding classification was also made when the ambient space was complex Euclidean space C n . Besides the linear Lagrangian subspaces, the Whitney spheres ( [RU] , see paragraph 4 for the definition) were the only examples, which can be considered like the Lagrangian version of the round hyperspheres of Euclidean space. For n = 2 this classification was made in [CU1] .
In [CU2] when n = 2 and in [Ch1] in arbitrary dimension, the Lagrangian submanifolds satisfying (0.1) of the complex projective and hyperbolic spaces CP n and CH n were classified. Again, in the complex projective space only the Whitney spheres appeared, but in the complex hyperbolic space, besides the Whitney spheres, two new families of non compact examples appeared, topologically equivalent to S 1 × R n−1 and R n , which can be considered like the Lagrangian version of the tubes over hyperplanes and the horospheres in the real hyperbolic space.
Following with the analogy between umbilical hypersurfaces of real space forms and our family of Lagrangian submanifolds of complex space forms, the umbilical hypersurfaces are the easiest examples of submanifolds with constant mean curvature. Our Lagrangian examples, except the totally geodesic ones, do not have parallel mean curvature vector, property which is usually taken as a version on higher codimension of the notion of constant mean curvature, but their mean curvature vectors H satisfy that JH are conformal fields on the submanifolds. So, we will take this property like the Lagrangian version of the concept of hypersurfaces of constant mean curvature. As the dual form of JH is the well known Maslov form, we will refer to these submanifolds as Lagrangian submanifolds with conformal Maslov form. In [RU] this family was studied when the ambient space is C n . The Lagrangian submanifolds satisfying (0.1) also verify that JH is a principal direction of A H . Motivated by this fact, in this paper we study a wide family of Lagrangian submanifolds, defined by the property that the submanifold admits a closed and conformal vector field X (JH is always a closed field) such that X is a principal direction of A JX , without assuming that JX is the mean curvature H. In this family a minor important degenerate case appears, which is completely studied and classified in paragraph 3. Motivated by Proposition 1, the nondegenerate submanifolds of our family are called pseudoumbilical. A particular family of this kind of submanifolds, which was called H-umbilical by B.Y.Chen, was studied in [Ch2] .
In paragraphs 1 and 2 we study deeply pseudoumbilical Lagrangian submanifolds of CP n and CH n . In Theorem 1, we describe the pseudoumbilical Lagrangian submanifolds (see Definition 1), showing that they have a similar behavior to the "umbilical" Lagrangian submanifolds. This Theorem 1 allows to classify pseudoumbilical Lagrangian submanifolds of CP n and CH n (Corollary 1 and Theorem 2); they are described in terms of planar curves and Lagrangian (n-1)-submanifolds of the complex projective, hyperbolic or Euclidean spaces depending on the elliptic, hyperbolic or parabolic character of the submanifold.
In paragraph 4, we use the above classification in order to study Lagrangian submanifolds with conformal Maslov form. Among the most important global results, we show the following Lagrangian version of a Hopf theorem:
The Whitney spheres are the only compact (non minimal) Lagrangian submanifolds of CP n and CH n with conformal Maslov form and null first Betti number.
Another global result is established in terms of the Ricci curvature. In this context, we prove in Corollary 3 that the Whitney spheres are the only compact (non minimal) Lagrangian submanifolds of CP n with conformal Maslov form such that Ric(JH) ≥ (n − 1)|H| 2 . Finally, we prove that all the orientable compact Lagrangian submanifolds of CP n and CH n with non parallel conformal Maslov form and first Betti number one are elliptic pseudoumbilical and then this allows describe them (Corollary 4).
1 Closed conformal fields and Lagrangian submanifolds.
The Lagrangian submanifolds we are going to consider in this paper will have a closed and conformal vector field. So, in this section, we will describe properties of this kind of vector fields, as well as properties of Lagrangian submanifolds admitting this kind of vector fields.
The following lemma summerizes some of the known results about Riemannian manifolds which admit closed and conformal vector fields (see [RU] and references there in).
Lemma 1 Let (M, , ) be an n-dimensional Riemannian manifold endowed with a nontrivial vector field X which is closed and conformal. Then:
(i) The set Z(X) of the zeroes of X is a discrete set.
(ii) If div X denotes the divergence of X, then
for any vector field V on M, where Ric denotes the Ricci curvature of M.
(iii) The curvature tensor R of M satisfies
defines an umbilical foliation on (M ′ , , ). In particular, |X| 2 and div X are constant on the connected leaves of D.
where I is an open interval in R, {t} × N is a leaf of the foliation D for any t ∈ R, and X = (∂/∂t, 0). Moreover, if ∆ g is the Laplacian of g then
In this paper,M n (c) will denote a complete simply-connected complex space form with constant holomorphic sectional curvature c, with c = 4, 0, −4, i.e. complex Euclidean space C n if c = 0, the complex projective space CP n if c = 4 and the complex hyperbolic space
: z, z = 1} be the hypersphere of C n+1 centered at the origin and radius 1, where , denotes the inner product on C n+1 . We consider the Hopf fibration Π : S 2n+1 −→ CP n , which is a Riemannian submersion. We can identify C
n with the open subset of CP n defined by
Then the Fubini-Study metric g is given in C n by
where , is the Euclidean metric, R denotes real part and α is the complex 1-form on C n given by
On the other hand, if c = −4, let H 2n+1 1 = {z ∈ C n+1 : (z, z) = −1} be the anti-De Sitter space being ( , ) the hermitian form
n denotes the Hopf fibration, it is well known that Π is a Riemannian submersion. Then CH n can be identified with the unit ball
endowed with the Bergmann metric
We recall that CH n has a smooth compactification CH n ∪ S 2n−1 (∞), where S 2n−1 (∞) can be identified with asymptotic classes of geodesic rays in CH n . It is known that S 2n−1 (∞) can be also identified with
and π the projection given by the natural action of C * over N . This identification is given by
with Π(β(s)) = β(s). Finally, in order to understand Theorem 1, it is convenient to remember that although in CP n and CH n there do not exist umbilical real hypersurfaces, M. Kon in [K] and S. Montiel in [M] proved that the geodesic spheres of CP n and the geodesic spheres, the tubes over complex hyperplanes and the horospheres of CH n are the only η-umbilic real hypersurfaces of CP n and CH n . The horospheres of CH n with infinity point C ∈ S 2n−1 (∞) and radius λ > 0 are defined by
Let φ be an isometric immersion of a Riemannian n-manifold M inM n (c). If the almost complex structure J ofM n (c) carries each tangent space of M into its corresponding normal space, φ is called Lagrangian. We denote the Levi-Civita connection of M and the connection on the normal bundle by ∇ and ∇ ⊥ , respectively. The second fundamental form will be denoted by σ and the shape operator by A ξ . If φ is Lagrangian, the formulas of Gauss and Weingarten lead to
for tangent vector fields Y and Z. These formulas imply that σ(Y, Z), JW is totally symmetric, where , will denote the metric inM n (c) and the induced one in M by φ. Using the Codazzi equation, (∇σ)(Y, Z, W ), JU is also totally symmetric, where ∇σ is the covariant derivative of the second fundamental form.
If φ : M −→ CP n is a Lagrangian immersion of a simply-connected manifold M, then it is well-known that φ has a horizontal lift (with respect to the Hopf fibration ) to S 2n+1 which is unique up to rotations on S 2n+1 . We will denote byφ this horizontal lift. The horizontality means that φ * (v), Jφ = 0 for any tangent vector v to M, where J is the complex structure of C n+1 . We remark that only the Lagrangian immersions in CP n have (locally) horizontal lifts.
In a similar way, if φ : M −→ CH n is a Lagrangian immersion of a simply-connected manifold M, then φ has a horizontal lift to H , that we will denote byφ. We also remark that only the Lagrangian immersions in CH n have (locally) horizontal lifts.
Proposition 1 Let φ : M n −→M n (c) be a Lagrangian isometric immersion of a connected Riemannian manifold M endowed with a closed and conformal field X. Following the notation of Lemma 1, suppose that σ(X, X) = ρJX, for some function ρ defined on M ′ = M − Z(X). Then ρ is constant on the connected leaves of the foliation D and we have only two alternatives:
(A) At any point p of M, A JX has two constant eigenvalues b 1 and b 2 on D(p), with constant multiplicities n 1 and n 2 . In this case, ρ is constant and the field X is parallel.
. In this case, b is constant on the connected leaves of the foliation D and
Remark 1 An immersion φ, under the assumptions of Proposition 1, admits a 1-parameter family of closed and conformal vector fields X µ = µX with µ a non-null real number, satisfying σ(X µ , X µ ) = µρJ(X µ ). So, if (A) is satisfied, we always will consider one of the two parallel fields X such that
When λ = 0 we always will consider one of the two closed and conformal fields X such that the corresponding constant λ will be 1 or −1 and we will refer to them like elliptic or hyperbolic cases. The parabolic case will correspond to λ = 0.
This Proposition 1 motives the following definition.
is said to be pseudoumbilical if the Riemannian manifold M is endowed with a closed and conformal field X (without zeroes) such that σ(X, X) = ρJX for certain function ρ on M and condition (B) in Proposition 1 is satisfied.
Remark 2 When c = 4, a pseudoumbilical Lagrangian immersion is always elliptic. When c = 0, it can be either parabolic or elliptic. And when c = −4, it can be elliptic, parabolic or hyperbolic.
Proof of Proposition 1: We start proving that ∇ρ = hX for a certain function h, which means that ρ is constant on the connected leaves of D. For this purpose, derivating σ(X, X) = ρ JX with respect to a tangent vector field V and using Lemma 1,(ii) we get
for any field W . Using properties of φ and the Codazzi equation of φ we obtain that all the terms in the above equation are symmetric on V and W , except possible ∇ρ, V X, W . So this one must be also symmetric and this means that ∇ρ = hX for certain function h. In particular ρ is constant on the leaves of D.
On the other hand, as X(p) is an eigenvector of A JX , then A JX can be diagonalized on D(p). Now using Lemma 1,(iii) and the Gauss equation, the eigenvalues λ ′ s of A JX on D(p) satisfy the equation
In particular there are at most two. From Lemma 1,(v), Ric(X) is constant on the connected leaves of D. So the two possible eigenvalues of A JX on D(p) are also constant on the leaves of D.
Let
Claim: M 0 is a closed subset of M ′ . If these eigenvalues are denoted by b i , i = 1, 2, and their multiplicities by n i , i = 1, 2, then n H, JX = ρ + n 1 b 1 + n 2 b 2 . Because b i are smooth functions on M 0 , we have that n i , i = 1, 2 are constant on each connected component of M 0 . So,
If V i are vector fields on D i , from Lemma 1,(iii) and the Gauss equation of φ, we have that
with respect to V j , with j = i, and using (1.3) and the fact that ∇b i = h i X for certain functions h i , we obtain that
But derivating with respect to V i , σ(X, V i ), JV j = 0 and using (1.3) and (1.4) we get
where i means component on D i . Finally, taking i = j, derivating σ(V i , V j ) = 0 with respect to V i and using the above equation and (1.3) we get
Changing the roles of i and j and using the symmetry of ∇σ we finally get
Since i = j we get that div X = 0 and then X is a parallel field on M 0 . Now we see that
Derivating σ(X, V i ), JV j = 0 with respect to X and using the above equation and (1.3) we obtain
and so ∇ X V i is a field on D i . Now if we derivate σ(X, V i ) = b i JV i with respect to X, and use the above information and the parallelism of X in (1.1), we obtain that X(b i ) = 0, and therefore b i are constant on each component of M 0 . So, by continuity, A JX on D has also two eigenvalues on the clousure of M 0 , and we get that M 0 is a closed subset of M ′ . This proves the claim.
As M ′ is also connected, there are only two possibilities:
then the parallel field X has no zeroes and M ′ = M. As ρ = b 1 + b 2 then ρ is also constant and we prove (A).
, which is constant on the leaves of D.
Given any field V on D, we have that σ(X, V ) = bJV . Then derivating with respect to X and using that ∇ X V is a field on D we obtain
But from (1.1) we have that
which, joint to the above equation, gives
then using Lemma 1,(ii), (1.5), the fact that b is constant on the leaves of D and (1.2), we have
So h is a constant λ. This finishes the proof. 2 2 Pseudoumbilical Lagrangian submanifolds of complex space forms.
In the following result we characterize pseudoumbilical Lagrangian immersions in complex space forms (see Definition 1).
Theorem 1 Let φ : M n −→M n (c) be a Lagrangian immersion of a connected manifold M and exp : TM −→M the exponential map ofM.
(i) φ is elliptic pseudoumbilical if and only if there exist a point C ∈M , a vector field (without zeroes) X on M and a nontrivial smooth function
arccos |h| |hX| (p) when c = 4
pass through the point C at s = 1. This point C ofM will be called the center of φ.
(ii) φ : M −→ CH n is hyperbolic pseudoumbilical if and only if there exist a complex hyperplane CH n−1 , a vector field X on M and a nontrivial smooth function h : M −→ C satisfying |h| 2 − |X| 2 = −1, such that for any point outside the zeroes of h, p ∈ M − Z(h), the geodesic
(iii) φ : M −→ CH n is parabolic pseudoumbilical if and only if there exist a vector field (without zeroes) X on M and a smooth function h : M −→ C satisfying |h| 2 − |X| 2 = 0 such that the map
with β p the geodesic ray
and the horosphere with infinity point C, where φ(p) lies in, has radius δ|X p |, with δ a positive real number.
arccos |h| when c = 4
So, if N is the leaf of the foliation D passing through a point p ∈ M − Z(h), then φ(N) lies on the geodesic sphere ofM n (c) centered at C and radius d(C, φ(p)).
When c = 0 or c = −4, Z(h) = ∅. When c = 4, h can have zeroes. By continuity, Z(h) is given by
is the intersection of φ(M) with the cut locus of the point C.
Also, ifM n = C n , φ is given by φ = C + hX with |h| = 1. In this case, if G : C n − {C} −→ C n − {C} is the inversion centered at the point C, then G • φ is also an elliptic pseudoumbilical Lagrangian immersion with center C. The corresponding closed and conformal field is X/|X| 2 .
Remark 4 If φ : M −→ CH n is a hyperbolic pseudoumbilical Lagrangian immersion and d is the distance on CH n , then
Finally, if φ : M −→ CH n is a parabolic pseudoumbilical Lagrangian immersion, and N the leaf of the foliation D passing through a point p ∈ M, then φ(N) lies on the (2n-1)-dimensional horosphere of CH n with infinity point C and radius |X p |.
These η-umbilic hypersurfaces of CH n carry a contact structure and the leaves of the foliation D of our pseudoumbilical Lagrangian submanifolds are integral submanifolds of maximal dimension of such structure (see [B] for details).
Given a vector v tangent to M at p and a curve α : (−ǫ, ǫ) → M − Z(h) with α(0) = p and α ′ (0) = v, we consider a variation G : (−ǫ, ǫ) × R −→M of the geodesic β p given by G(t, s) = γ t (s), where γ t is the geodesic onM with γ t (0) = φ(α(t)) and γ
To determine K(s) we need to control its initial conditions K(0) and
where∇ is the Levi-Civita connection onM . As β
, we decompose K(0) and K ′ (0) in the following way
where ⊥ means the component orthogonal to the complex plane spanned by X p , R (resp. I) denotes real (resp. imaginary) part, and ∇ is the gradient of the induced metric. Now, taking into account (2.1), our Jacobi field K along β p is given by
and K 1 (s) andK(s) the Jacobi fields along β p given by B(s) are, respectively, the parallel fields along β p (s) with
We remark that K 1 (s) is a Jacobi field colineal with Jβ
Proof of (i): First, we suppose that φ is elliptic pseudoumbilical. Then (see Definition 1 and Proposition 1) there exists a closed and conformal vector field X (without zeroes) such that σ(X, X) = ρJX and σ(X, V ) = bJV for any field V orthogonal to X. Defining h by
X can be choosen (see Remark 1) in such a way that |h| 2 + c 4 |X| 2 = 1. If h ≡ 0, then X is a parallel vector field and hence Ric(X) = 0. As b also vanishes, (1.2) says that c = 0, which contradicts the fact that |h| 2 + c 4 |X| 2 = 1. So h is nontrivial. In fact the set of points where h does not vanish is dense in M.
Now we consider the function F : M − Z(h) −→M given by
We are going to compute dF p (v) for any p ∈ M − Z(h) and any v ∈ T p M. It is clear that dF p (v) = K(1), being K(s) the Jacobi field associated to v (see the beginning of the proof).
From the definition of f (p) and the fact that |h|
From Lemma 1, Proposition 1, (1.2), (1.5) and the expression of f , we get that µ + ν = 0. Also, from Lemma 1, Proposition 1, (1.5) and an easy computation, it follows that
which allows to prove, using (2.2), that K 1 (1) = 0.
Finally, from Lemma 1 we have thatB(0) = −f |h| 2 v ⊥ , which implies using again (2.2) thatK(1) = 0. So we have got that
In this neighborhood, h is a function of t ∈ (−δ, δ) (see Lemma 1 again), and so {0} × N ⊂ Z(h).
is a Lagrangian immersion lying in the cut locus of C 1 and C 2 . If C 1 = C 2 , then the image of φ 0 lies in the intersection of both, which is a linear (n − 2)-subspace of CP n . This is impossible because φ 0 is Lagrangian and N is (n − 1)-dimensional. So we have obtained that C 1 = C 2 = C and the necessary condition is proved.
Conversely, suppose that there exist a tangent vector field X (without zeroes) and a nontrivial function h : But µ + ν = 0 implies, taking into account the expression of f , that
Also, fromK(1) = 0 and using (2.2), we obtain that
Now by decomposing the above equation in tangential and normal components to φ we get
Now (2.3) and the first equation of (2.4) say that
for any v ∈ T p M, and for any p ∈ M − Z(h). This means that X is a closed and conformal vector field on M − Z(h) with div(X) = −nR(h).
Also, taking v = X p in the second equation of (2.4) we obtain that σ(X, X) = ρJX for certain function ρ. Finally, taking v orthogonal to X p in the same equation (2.4), we get σ(v, X p ) = I(h)Jv. So (see Proposition 1) φ : M − Z(h) −→M is an elliptic pseudoumbilical Lagrangian immersion.
If c = 0, −4 the proof is finished. If c = 4, φ(Z(h)) is contained in the cut locus of the center C, which is a linear (n − 1)-subspace of CP n . As φ is a Lagrangian immersion, Z(h) has no interior points and M − Z(h) is dense on M. So the whole φ is an elliptic pseudoumbilical immersion.
Proof of (ii): First, we suppose that φ : M −→ CH n is hyperbolic pseudoumbilical. Then, from Proposition 1 and Definition 1, there exists a closed and conformal vector field X (without zeroes) such that σ(X, X) = ρJX and σ(X, V ) = bJV for any V orthogonal to X. Defining h by
X can be choosen (see Remark 1) in such a way that |h| 2 − |X| 2 = −1. If h ≡ 0, then X is parallel and so Ric(X) = 0. As b = 0, (1.2) gives a contradiction. So h is nontrivial.
In this case, we consider F : M − Z(h) −→ CH n given by
Following the proof of (i), we can prove in this case that µ + ν = 0 and K 1 (1) = 0 and hence
which means that dF p (v) is orthogonal to the complex plane spanned by β ′ p (1). Also, using the expressions ofK(s) and f , it is easy to check that K ′ (1) = 0, and then {β
. It is clear that for any p ∈ C i , β p (s) cuts orthogonally to CH n−1 i at s = 1. Following a similar reasoning as in (i), we can prove that M − Z(h) is connected and the proof of the necessary condition is finished.
Conversely, suppose that there exist a vector field X without zeroes on M, a nontrivial smooth function h : M −→ C satisfying −|X| 2 + |h| 2 = −1 and a linear hyperplane CH n−1 such that the geodesic β p (s) =exp(φ(p), f |hX|(p)) cuts orthogonally to CH n−1 at s = 1. We follow again the proof of (i), and then, if K is the corresponding Jacobi field along β p , dF p (v) = K(1) is tangent to CH n−1 . Also, β ′ p (1) spans the normal space to CH n−1 and hence
is a normal vector to CH n−1 at β p (1). This means thatK ′ (1) = 0. From these two facts, we obtain using the expression of K(s) that
Using the above like in the proof of (i), we can prove that X is a closed and conformal vector field such that σ(X, X) = ρX and σ(X, V ) = I(h)JV for any v orthogonal to X. So φ : M − Z(h) −→ CH n is a hyperbolic pseudoumbilical Lagrangian immersion. By continuity, φ(Z(h)) ⊂ CH n−1 , and since φ is Lagrangian, Z(h) has no interior points, and M − Z(h) is dense in M. This means that the whole φ is hyperbolic pseudoumbilical.
Proof of (iii): We denote by
. Using the notation of paragraph
where we have identified X andφ * X. From the identification S 2n−1 (∞) ≡ π(N ), we have that
Suppose now that φ is parabolic pseudoumbilical. Then, from Proposition 1 and Definition 1 there exists a closed and conformal vector field X (without zeroes) such that σ(X, X) = ρJX and σ(X, V ) = bJV for any V orthogonal to X. We define
Then Proposition 1 and Remark 1 say that we can take X in order to |h| 2 − |X| 2 = 0. For any tangent vector v ∈ T p M, using Lemma 1, (1.2) and (1.5), we obtain v(ϕ) = h |X| 2 v, X ϕ. This means that dF p (v) = 0 and from the connection of M this implies that F is a constant function C ∈ S 2n−1 (∞). Following the notation of paragraph 1, we can takeC = ϕ. Using once more Lemma 1, (1.2) and (1.5), it is straightforward to prove that
This finishes the proof of the necessary condition. Conversely, if v is any tangent vector to M, then dF p (v) = 0, which implies that
On the other hand, since φ(p) lies in the horosphere with infinity point C and radius δ|X p |, we deduce that v(|ϕ n+1 | 2 |X| 2 ) = 0. Using (2.5) in this equation we get ∇|X| 2 = −2R(h)X. Using this information in (2.5) and following a similar reasoning like in the proof of (i), we arrive at φ is parabolic pseudoumbilical. 2 Theorem 1 shows that elliptic pseudoumbilical Lagrangian immersions have a center and that they can be constructed using the exponential map of the ambient space. This fact will imply that they are invariant under certain transformations of the ambient space, what allows us construct them from the classification given by A.Ros and the third author for complex Euclidean space.
Proposition 2 (i) Let φ : M n −→ C n be an immersion, , the Euclidean metric on C n and g the Fubini-Study metric on C n . Then φ is pseudoumbilical Lagrangian with center 0 in (C n , g) if and only if φ is elliptic pseudoumbilical Lagrangian with center 0 in (C n , , ).
(ii) Let φ : M n −→ B n ⊂ C n be an immersion and g the Bergmann metric on B n . Then φ is elliptic pseudoumbilical Lagrangian with center 0 in (B n , g) if and only if φ is elliptic pseudoumbilical Lagrangian with center 0 in (B n , , ).
Remark 5 Proposition 2 is not true when the center of the immersion is a point C ∈ C n different from 0.
Proof of (i):
From the definition of g, if Ω g and Ω denote the Kaehler two-forms on (C n , g) and (C n , , ) respectively, then
Also, the expressions of the exponential maps at 0 ∈ C n with respect to the metrics , and g are given respectively by
and it is not difficult to see that the parallel transport along the geodesic exp g (0, tv) is (like in the Euclidean case) the identity. First, we suppose that φ is an elliptic pseudoumbilical Lagrangian immersion with respect to (C n , , ). From Theorem 1 we have that φ = hX,
So from (2.6) we have that φ * Ω g = 0, which means that φ is a Lagrangian immersion in (C n , g). On the other hand, our immersion φ = hX can be rewritten as
,X = 1 + |X| 2 X and f (p) the corresponding function given in Theorem 1. Although (C n , g) is not complete, it is easy to check that Theorem 1 can be used here in order to say that φ is a pseudoumbilical Lagrangian immersion in (C n , g) with Z(h) = ∅. Conversely, we suppose that φ is a pseudoumbilical Lagrangian immersion with respect to (C n , g). From Theorem 1 and the fact that the cut locus of 0 in C n is empty we have that
and Z(h) = ∅. So using the expression of exp g (0, −) we have that
v, X p and from (2.6) we have that φ * Ω = 0, which means that φ is a Lagrangian immersion in (C n , , ). Now, our immersion φ can be rewritten as φ = exp(0,ĥX) withĥ = h |h| andX = |h|X. This means, using Theorem 1 again, that φ is an elliptic pseudoumbilical Lagrangian immersion in (C n , , ). This finishes the proof of (i).
To prove (ii) we follow the proof of (i) taking into account that in this case exp g (0, v) = cosh(|v|) sinh(|v|) v |v| , and the parallel transport along the geodesic exp g (0, tv) is the identity. 2
This Proposition 2 allows us, using the results got by A.Ros and the third author for the case of complex Euclidean space, to classify the elliptic pseudoumbilical Lagrangian submanifolds of CP n and CH n . In fact, we start recalling the classification for complex Euclidean space.
Theorem [RU] Let φ : M
n −→ C n be an elliptic pseudoumbilical Lagrangian immersion with center C. Then locally M n is a product I × N, where I is an interval of R and N a simply-connected manifold, and φ is given by φ(t, x) − C = α(t)ψ(x), whereψ : N −→ S 2n−1 ⊂ C n is a horizontal lift to S 2n−1 of a Lagrangian immersion ψ : N −→ CP n−1 and α : I −→ C * a regular curve.
The proof of the statements given in the following families of examples is straightforward and so will be omitted.
horizontal lifts of α and ψ respectively. Then,
is a pseudoumbilical Lagrangian immersion with center C = Π(0, . . . , 0, 1). 
Remark 6 Looking at Remark 3, it is clear that this immersion α * ψ verifies that
is an elliptic pseudoumbilical Lagrangian immersion with center C = Π(0, . . . , 0, 1).
Remark 7
The immersions α * ψ given in Examples 1 and 2 do not depend on the horizontal lift of the curve α and, up to holomorphic isometries of the ambient space, do not depend on the horizontal lift of ψ.
be an elliptic pseudoumbilical Lagrangian immersion. Then φ is locally congruent to some of the immersions α * ψ described in Examples 1 (respectively in Examples 2).
Proof: We start by proving the projective case. From Theorem 1, φ has a center C ∈ CP n , and there is no restriction if we take it as C = Π(0, . . . , 0, 1).
be the cut locus of the point C. Then
given by
is a diffeomorphism with F (0) = C and F * , = g, where , (respectively g) denotes the Fubini-Study metric on CP n (respectively on C n ). From Remark 2 and Proposition 2 it is easy to see that
with B = {p ∈ M : φ(p) ∈ CP n−1 } is an elliptic pseudoumbilical Lagrangian immersion in (C n , , ) with center 0, which means, using Theorem [RU] , that locally
with β : I −→ C * a regular curve andψ the horizontal lift to S 2n−1 of a Lagrangian immersion ψ : N −→ CP n−1 , being N an (n − 1)-dimensional simply-connected manifold. So, φ :
where
with t 0 a point of the interval I. From (2.7) it is easy to see thatα = (α 1 ,α 2 ) is a horizontal curve in S 3 and so it is the horizontal lift to S 3 of the regular curve α = Π •α in CP 1 . This finishes the proof of the projective case. To prove the hyperbolic case, we proceed in a similar way taking into account that the center C of φ can be taken as C = Π(0, . . . , 0, 1) and that F : B n −→ CH n given by
is a diffeomorphism with F (0) = C and F * , = g, being , (respectively g) the metric of CH n (respectively the Bergmann metric on B n ). 2
To finish the description of these submanifolds in CH n , it remains the hyperbolic and parabolic cases. As always, we start describing examples whose assertions will not be proved and will take again into account Remark 7. ⊂ C n horizontal lifts of α and ψ respectively. Then
is a hyperbolic pseudoumbilical Lagrangian immersion.
To describe the parabolic pseudoumbilical Lagrangian examples in CH n , we need some previous remarks.
First, we will consider the null vectors e 1 = 1 2 (0, . . . , 0, 1, −1) and e 2 = 1 2 (0, . . . , 0, 1, 1), in such a way that (e 1 , e 2 ) = 1/2 where (, ) is the Hermitian product in C n+1 .
Second, if ψ : N n−1 −→ C n−1 is a Lagrangian immersion of a simplyconnected manifold N, then the complex 1-form α on C n−1 defined before as
verifies that ψ * α is a closed 1-form and so there exists a complex function
Examples 4 Let α : I −→ CH 1 be a regular curve, ψ : N −→ C n−1 a Lagrangian immersion of an (n − 1)-dimensional simply-connected manifold N, andα =α 1 e 1 +α 2 e 2 :
is a parabolic pseudoumbilical Lagrangian immersion.
Theorem 2 Let φ : M n −→ CH n be a pseudoumbilical Lagrangian immersion. If φ is hyperbolic (respectively parabolic), then φ is locally congruent to some of the immersions described in Examples 3 (respectively in Examples 4).
Proof: We first consider a horizontal liftφ : U −→ H 2n+1 1 of φ, where U can be identified (see Lemma 1, (v) ) to I ×N, where I is an open interval with 0 ∈ I and N is a simply-connected (n − 1)-manifold. In addition, following the same notation of the proof of Theorem 1, we can take X = (∂/∂t, 0) and, by identifying X andφ * X, the second fundamental formσ ofφ satisfies
for any vector v orthogonal to X.
Suppose now φ is hyperbolic pseudoumbilical. From Theorem 1(ii), up to holomorphic isometries, we can take the complex hyperplane CH n−1 as
The equation of a tube of radius r over CH n−1 is |z 1 | = sinh r (cf [M] ). If r = cosh −1 |X p | (see Remark 4), it becomes in
Using Theorem 1 again, the geodesic
cuts orthogonally to CH n−1 at s = 1. In particular,
) ∈ CH n−1 , which means that the first component of Υ = |X| 2φ + hX is zero. On the other hand, using (2.8) we obtain that v(hX + |h| 2φ ) = 0 and
) is a function of t, with |α 1 | 2 = |h| 2 and, from (2.8) again, satisfiesα
Since |X| 2 − |h| 2 = 1 and Υ, Υ = −|X| 2 , from above we can writẽ
Using (2.8), we obtain that
(s)ds α x (0) is a plane curve too. If we now put
we have that ψ ,ψ = −1. From the above definition we can writẽ
(s)ds . Sinceφ is horizontal, we deduce easily thatψ is a horizontal immersion in a certain H 2n−1 1 and thatα = (α 1 ,α 2 ) is a horizontal curve in H 3 1 . Thus φ : U −→ CH n is the example α * ψ of Examples 3 with α = Π(α) and ψ = Π(ψ).
In the parabolic case, from Theorem 1,(iii), we can take up to holomorphic isometries the infinity point C = π(C) withC = (0, . . . , 0, 1, 1) and identify, following the notation of paragraph 1,C with ϕ =φ + hX |X| 2 . Then (2.5) says that v(ϕ) = 0, for any vector v orthogonal to X. In this way, ϕ = ϕ(t) is a null plane curve satisfying, from (2.5) again, X(ϕ) = hϕ. We now putα 1 = −|X| 2 ϕ and it is easy to check thatα
where e 1 = 1 2 (0, . . . , 0, 1, −1) and e 2 = 1 2 (0, . . . , 0, 1, 1). It is clear that (ψ, e 1 ) = 0 and from the properties ofα 1 (or ϕ) and the choosing of e 1 and e 2 it is not difficult to get that (ψ, e 2 ) = 0 and X(ψ) = 0.
On the other hand, for any v orthogonal to X, we have that (φ * v, e 2 ) = 0 and this implies
Let us takeα 2 as a solution toα ′ 2 +hα 2 = −e − h /h and define f =α 2 −2(φ,e 1 ) α 1 . We compute that X(f ) = 0 and v(f ) = 2(ψ * v, ψ).
As a summary, we have shown thatφ =α 1 ψ +α 1 e 1 + (α 2 − fα 1 )e 2 and thus φ : U −→ CH n is the example α * ψ of Examples 4 with α = Π(α). 2 3 The degenerate case for non flat complex space forms.
In this paragraph we will classify the family of Lagrangian submanifolds ofM n (c) admitting a closed and conformal field X with σ(X, X) = ρJX and satisfying condition (A) of Proposition 1 whenM is a non flat complex space form. We will refer to this as the degenerate case. In order to make self contained the paper, we start describing this family whenM n (c) is the complex Euclidean space C n ; this description was obtained by A.Ros and the third author in [RU, Proposition 2] .
n −→ C n be Lagrangian immersion of a connected manifold M endowed with a closed and conformal vector field X (without zeroes) such that σ(X, X) = ρJX. If φ is degenerate (i.e., condition (A) in Proposition 1 is satisfied) then locally M n is a Riemannian product
2 with n 1 ≥ 2, n 2 ≥ 1, and φ is the product of two Lagrangian immersions φ i : M n i i −→ C n i , i = 1, 2, being φ 1 a spherical immersion (i.e. the image of φ 1 lies in a hypersphere of C n 1 ).
The assertions given in the following examples are not proved because they are straightforward.
Given a real number δ ∈ (0, π/4] and being n = n 1 + n 2 + 1,
is a Lagrangian immersion where X = (
Moreover φ is degenerate with b 1 = tan δ and b 2 = − cot δ.
horizontal lifts of φ i , i = 1, 2. Given a positive real number δ and being n = n 1 + n 2 + 1,
with σ(X, X) = 2 coth 2δJX. Moreover φ is degenerate with b 1 = coth δ and b 2 = tanh δ.
be a Lagrangian immersion of a connected manifold M endowed with a closed and conformal vector field X (without zeroes) such that σ(X, X) = ρJX. If φ is degenerate, then φ is locally congruent to some of the immersions φ δ 1,2 described in Examples 5 (respectively in Examples 6).
Proof : We start with the projective case. From Proposition 1, X is parallel and ρ is constant. We assume that |X| = 1. So the two eigenvalues of A JX on D (see Proposition 1) satisfy
We start taking the distributions D i , i = 1, 2, on M (see the proof of Proposition 1) defined by
of dimensions n 1 and n 2 respectively. Using a similar reasoning as in the proof of Proposition 1, it is not difficult to prove that
for any Z tangent to M and V i ∈ D i . So using also Lemma 1,(v), locally M is the Riemannian product (I × N 1 × N 2 , dt 2 × g 1 × g 2 ), where I is an interval of R, and N i are simply-connected manifolds of dimension n i .
We consider a horizontal liftφ : I × N 1 × N 2 −→ S 2n+1 ⊂ C n+1 of φ, and identify X andφ * X. If h denotes the second fundamental form ofφ in C n+1 , we have
We can suppose b 1 > 0 > b 2 and define γ i :
First, it is easy to check that
Also, using (3.1) we have (3.4) for any v i tangent to N i , i = 1, 2. So in particular, from (3.2), (3.3) and (3.4), we recuperateφ in terms of γ i bỹ
Now we definẽ
So we can rewrite (3.5) as
Now the properties of the liftφ say thatφ i are horizontal immersions in the corresponding S 2n i +1 ⊂ C n i +1 , which means thatφ i are horizontal lifts of Lagrangian immersions φ i = Π(φ i ), i = 1, 2, in CP n i . Because b 1 = tan δ for some δ ∈ (0, We follow with the hyperbolic case. As the proof is quite similar to the above proof, we will omit some details. From Proposition 1, X is parallel and ρ is constant. We assume that |X| = 1. So the two eigenvalues of A JX on D (see Proposition 1) satisfied
Reasoning as before, locally M is the Riemannian product (
where I is an interval of R, and N i are simply-connected manifolds of dimension n i .
We consider a horizontal liftφ :
, and identify X andφ * X. If h denotes the second fundamental form ofφ in C n+1 we have h(X, X) = ρJX +φ, h(X, v i ) = b i Jv i , for any tangent vector v i to N i . We can suppose b 1 > b 2 > 0. Otherwise 0 > b 1 > b 2 and changing X by −X we will be in the first case. We define γ i :
Following the same reasoning as in the projective case, we get thatφ can be written asφ
Now the properties of the liftφ say thatφ i are horizontal immersions in the corresponding S 2n 1 +1 and H n 2 +1 1
, and then φ 1 = Π(φ 1 ) and φ 2 = Π(φ 2 ) are Lagrangian immersions in CP n 1 and CH n 2 respectively, with horizontal liftsφ 1 andφ 2 . As b 1 ∈ (1, ∞), let δ be the positive real number with coth δ = b 1 . Then our immersion is locally congruent to some of φ δ 1,2 described in Examples 6. 2 4 Lagrangian submanifolds with conformal Maslov form in nonflat complex space forms
In this section, we will deal with the case that X = JH. Since JH is a closed vector field (because the ambient manifold is a complex space form), we must only assume that JH is a conformal vector field on the submanifold. It is well known that, up to a constant, JH is the dual vector field of the Maslov form and so this kind of Lagrangian submanifolds will be referred from now on as Lagrangian submanifolds with conformal Maslov form. They were deeply studied by A.Ros and the third author in complex Euclidean space (cf. [RU] ).
In the following, we will describe a special family of Lagrangian submanifolds with conformal Maslov form in non flat complex space forms in terms of (i) minimal Lagrangian immersions in complex projective, complex hyperbolic and complex Euclidean spaces of less dimension and (ii) a two parameter family of curves of CP 1 and CH 1 . To introduce this last family, we start to consider the following 2-parameter (λ, µ = 0) family of o.d.e.s:
e 2u + λe −nu and for the solution to (4.1) satisfying u ′ (0) = 0, following the notation of Examples 1∼4, we define the curve α λ,µ in CP 1 if c = 4, in CH 1 in the other cases, by means of α λ,µ = Π •α λ,µ wherẽ
(s)ds , |h(0)|e
Corollary 2 Let φ : M n −→M n (c) be a non minimal Lagrangian immersion. Then φ has conformal Maslov form and JH is a principal direction of A H if and only if around each point where H does not vanish, φ is congruent to (a) some α * ψ of Examples 1∼4, where ψ is a minimal immersion in CP n−1 , CH n−1 or C n−1 and α = α λ,µ is the curve given in (4.2). In this case, |H| = µe u .
(b) some φ δ 1,2 of Examples 5 with φ i minimal immersions in CP n i , i = 1, 2, (n 1 + n 2 + 1 = n) and arbitrary δ ∈ (0, π/4], or some φ δ 1,2 of Examples 6 with φ 1 a minimal immersion in CP n 1 , φ 2 a minimal immersion in CH n 2 , (n 1 + n 2 + 1 = n) and arbitrary δ > 0.
Remark 8 In [Ch2] , B.Y.Chen introduced the notion of Lagrangian Humbilical submanifolds in Kaehler manifolds. This kind of submanifolds correspond to the simplest Lagrangian submanifolds satisfying the two following conditions: JH is an eigenvector of the shape operator A H and the restriction of A H to the orthogonal subspace to JH is proportional to the identity. He classified them in CP n and CH n (cf. [Ch2] ) proving that, except in some exceptional cases, they are obtained from Legendre curves in S 3 or in H 3 1 via warped products. In Corollary 2, they appear in (a) by considering ψ totally geodesic.
Proof: It is a consequence of Proposition 1, Corollary 1, Theorem 2, Proposition 3 and the following facts:
First, when we study the geometric properties of the examples α * ψ we arrive at the following expressions for its mean curvature vector:
for Examples 1, 2, 4 (resp. for Examples 3), where
So if we put X µ = µX = JH (where X is normalized according to Remark 1) and look at the foregoing expressions we deduce that H * ψ = 0 and hence ψ is a minimal immersion, and using that |X| 2 = |α 1 | 2 in Examples 1, 2, 4 (resp. |X| 2 = |α 2 | 2 in Examples 3), we obtain
for Examples 1, 2, 4 (resp. for Examples 3). From (1.4) and the above equations, we deduce
where e 2u = |X| 2 = |H| 2 /µ 2 , and then
Second, the expressions given forα in Corollary 2 can be deduced following a constructive reasoning from the proof of Corollary 1 and Theorem 2 in all the cases.
Finally, a similar technique can be used to get the cases given in (b). 2
Next we will consider the easiest examples provided in Corollary 2, taking ψ = ψ 0 totally geodesic and the curves α 0,µ , i.e. putting λ = 0 in (4.1). For our purposes, it is enough to consider µ > 0. We will state along this paragraph that these examples play the role of "umbilical" Lagrangian immersions in non flat complex space forms. If λ = 0, (4.1) becomes in
> 0, and we must now take into account that h = −u ′ − iνe 2u for the curves given in (4.2). The solution to (4.3) satisfying u ′ (0) = 0 is given by
, if c = 4 or c = −4, A = 1,
The only constant solution appears in the hyperbolic case c = −4, A = −1, just when ν = 1/2. In this case e 2u(t) ≡ 2 and the corresponding immersion has parallel mean curvature vector, just like the examples collected in Corollary 2,(b).
In the elliptic case, we define θ = (1/2) cosh −1 √ 1 + 4ν 2 > 0 and abbreviate ch θ = cosh θ and sh θ = sinh θ; now (4.3) and its solution are rewritten as
and e 2u(t) = 2 ch 2θ cosh(2t) + c/4 .
From (4.2), after a long straightforward computation, we arrive at α β (t) = 1 s β cos t + ic β sin t (c β cos t − is β sin t, 1).
If RH n−1 = {y = (y 1 , . . . , y n ) ∈ R n : y 2 1 + . . . y 2 n−1 − y 2 n = −1} denotes the (n − 1)-dimensional real hyperbolic space, α β * ψ 0 defines a family of Lagrangian embeddings
given by Ψ β (e it , y) = 1 s β cos t + ic β sin t (c β cos t − is β sin t; y) .
We note that Ψ π/4 (e it , y) = (e −2it , √ 2e −it y) is flat.
Finally, in the parabolic case, using (4.2) a straightforward computation leads toα
From Examples 4, α ν * ψ 0 defines a one-parameter family of Lagrangian embeddings ϕ ν : R n ≡ R × R n−1 −→ CH n , ν > 0, (4.7)
given by ϕ ν (t; x) = 1 ν + it 2 ν x; 2 ν e 1 − ( ν(ν 2 + t 2 ) 2 + 2|x| 2 ν + iν 2 t)e 2 .
Theorem 3 Let φ : M n −→ CP n (respectively φ : M n −→ CH n ) be a Lagrangian immersion.
(i) The second fundamental form of φ is given by σ(v, w), Jz = n n + 2 ∂ v,w,z v, w H, Jz (4.8) for any tangent vectors v, w and z, (where the symbol ∂ v,w,z means cyclic sum over v, w, z) if and only if either φ is totally geodesic or φ (M) is an open set of some of the Lagrangian submanifolds (4.4) in CP n (respectively of the Lagrangian submanifolds (4.5), (4.6) or (4.7) in CH n ).
(ii) [B.Y.Chen] The scalar curvature τ of M satisfies τ ≤ n 2 (n − 1) n + 2 |H| 2 + n(n − 1) c 4 and the equality holds if and only if φ is totally geodesic or φ is an open set of some of the Lagrangian submanifolds (4.4) in CP n (respectively of the Lagrangian submanifolds (4.5), (4.6) or (4.7) in CH n ).
Remark 9 In [CU2] when n = 2 and in [Ch1] in arbitrary dimension, the sharp inequality of (ii) between the squared mean curvature and the scalar curvature for a Lagrangian submanifold in a nonflat complex space form was established. By utilising Jacobi's elliptic functions and warped products, B.Y.Chen introduced in [Ch1] three families of Lagrangian submanifolds and two exceptional ones characterized by satisfying the equality in (ii) besides the totally geodesic ones. Later, in [ChV] , explicit expressions of these Lagrangian immersions were found in a different context from ours. All of them are just the Lagrangian submanifolds described in (4.4), (4.5), (4.6) and (4.7).
Theorem 4 Let φ : M n −→ CP n (respectively φ : M n −→ CH n ) be a Lagrangian immersion of a compact manifold M with conformal Maslov form. If the first Betti number of M vanishes, then φ is either minimal (necessarily in CP n ) or congruent to some of the Whitney spheres (4.4) in CP n (respectively congruent to some of the Whitney spheres (4.5) in CH n )
Proof: Suppose (only in the projective case) that H does not vanishes identically. Since JH is a closed vector field and the first Betti number of M is zero, there exists a function f on M such that JH = ∇f . So H has zeroes at the critical points of f . Hence JH is a closed and conformal vector field with at least a zero. Under these conditions, exactly the same reasoning of Theorem 3 in [RU] proves that M is conformally equivalent to a round sphere, the leaves of the umbilical foliation D (see Lemma 1) are spheres and Y = Jσ(JH, JH) − (3n/(n + 2))|H| 2 JH is a harmonic vector field. Since the first Betti number of M is zero, we deduce that JH is an eigenvector of A H . If N is one of the leaves of D, using Corollary 2 we have a minimal Lagrangian immersion ψ necessarily in CP n−1 because in C n−1 and CH n−1 there are no compact minimal submanifolds. Then we can use the same proof in the above mentioned theorem of [RU] to conclude that ψ is totally geodesic and that σ is given as in (4.8) on the whole of M. The proof finishes thanks to Theorem 3. 2 Next, we obtain the following corollary using the same argument that in Corollary 5 of [RU] , where the Whitney spheres are characterised in terms of the behaviour of the Ricci curvature.
Corollary 3 Let φ : M n −→ CP n be a Lagrangian non minimal immersion of a compact manifold M with conformal Maslov form. Then: (i) Ric(JH) ≥ (n − 1)|H| 2 if and only if φ is congruent to some of the Whitney spheres (4.4) in CP n ;
(ii) Ric(JH) ≥ 0 if and only if either φ has parallel mean curvature vector or φ is congruent to some of the Whitney spheres (4.4) in CP n .
Let φ : M n −→ CH n be a Lagrangian immersion of a compact manifold M with conformal Maslov form. Then Ric(JH) ≤ 0 if and only if either φ has parallel mean curvature vector or φ is congruent to some of the Whitney spheres (4.5) in CH n .
To finish this section we state that if our Lagrangian submanifold has first Betti number equal to one then belongs to our family.
Corollary 4 Let φ : M n −→ CP n (respectively φ : M n −→ CH n ) be a Lagrangian immersion of an orientable compact manifold M with non parallel conformal Maslov form such that the first Betti number of M is one. Then the universal covering of φ is congruent to some α * ψ described in Corollary 2,(a).
Proof: From the proof of Theorem 4 we can deduce that H has no zeroes on M and so the vector field |H| −n JH is well defined on M. Using Lemma 1, one can check that it is a harmonic vector field on M and the same happens for Y = Jσ(JH, JH) − (3n/(n + 2))|H| 2 JH. By the hypothesis, there is a constant a ∈ R such that σ(JH, JH) = ( 3n n + 2 |H| 2 + a|H| −n )H and we can go to Corollary 2 to get the result. 2
